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Abstract
Monte Carlo simulations are employed to investigate the surface growth generated by deposition
of particles of different sizes on a substrate, in one and two dimensions. The particles have a
linear form, and occupy an integer number of cells of the lattice. The results of our simulations
have shown that the roughness evolves in time following three different behaviors. The roughness
in the initial times behaves as in the random deposition model, with an exponent β1 ≈ 1/2. At
intermediate times, the surface roughness depends on the system dimensionality and, finally, at
long times, it enters into the saturation regime, which is described by the roughness exponent α.
The scaling exponents of the model are the same as those predicted by the Villain-Lai-Das Sarma
equation for deposition in one dimension. For the deposition in two dimensions, we show that
the interface width in the second regime presents an unusual behavior, described by a growing
exponent β2, which depends on the size of the particles added to the substrate. If the linear size
of the particle is two, we found that β2 < β1, otherwise it is β2 > β1, for all particles sizes larger
than three. While in one dimension the scaling exponents are the same as those predicted by the
Villain-Lai-Das Sarma equation, in two dimensions, the growth exponents are nonuniversal.
Keywords: Growth models, surface roughness, film deposition, random deposition, computer
simulations.
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I. INTRODUCTION
The field of non-equilibrium statistical physics is related to those problems for which a
hamiltonian formulation is not possible or the detailed-balance condition is not satisfied. One
of these problems is the study of surface growth and interfaces, where the understanding of
the basic mechanisms is the key to developing thin-film devices with important technological
applications [1, 2].
In this work we are interested in the description of the morphology of a surface formed by
adding particles to an initially flat substrate. Particles, having one unit height and linear size
N , land horizontally onto the surface, or over a straigth line in the case of a one-dimensional
substrate, and are not allowed to diffuse. In this way, we calculate the interface width,
w(L, t), a function that determines the roughness of the interface, where L is the linear size
of the substrate and t is the time variable. The simplest known model for the deposition
of particles is the random deposition, where particles are aggregated onto an initially flat
substrate, and lateral correlations among the deposited particles are completely neglected.
For this trivial model, its continuous and discrete atomistic versions have exact solutions.
The simplest non-trivial growth models, which incorporate spatial and temporal cor-
relations, can be described by means of stochastic differential equations. The Edwards-
Wilkinson (EW) equation [3] is designed to take into account the surface relaxation and
height-height correlations in some deposition models. On the other hand, when we need to
include some lateral growth of the interface, as in the ballistic deposition of particles [4], the
appropriate stochastic equation is the non-linear Kardar-Parisi-Zhang (KPZ) equation [5].
The (EW) and (KPZ) equations can be written as
∂h(r, t)
∂t
= ν∇2h + η(r, t) [EW ] (1)
and
∂h(r, t)
∂t
= ν∇2h +
λ
2
(∇h)2 + η(r, t) [KPZ], (2)
where η(r, t) represents the random fluctuations in the deposition processes.
In order to calculate the interface width, we determine the vertical height of a given point
of the surface relative to the substrate, h(r, t), where r denotes the position of a cell over the
substrate. The roughness w(L, t) is defined as the mean square fluctuation of the height,
2
w(L, t) = 〈[h(r, t)−h(t)]2〉1/2, where h(t) is the average value of the surface height at a given
instant of time t.
It is well established that for a large class of growth models the Family-Vicsek scaling
relation applies [6]
w(L, t) ∼ Lαf(
t
Lz
), (3)
where the scaling function f(x) is a constant for very large values of x, and f(x) ∼ xβ when
x << 1. The exponent α characterizes the interface width at long times, z is the dynamic
exponent, while β is the exponent associated to the initial stages of the growth. These
exponents are not at all independent, and are related by α = βz.
In the theoretical studies performed in the area of surface growth, one is interested in
the calculation of these exponents. There are many studies in the literature concerning the
properties of the growth models where calculations have been done analytically, or through
the extensive use of Monte Carlo simulations [7–12].
In this work we use Monte Carlo simulations to study the surface growth in (1 + 1) and
(2+1) dimensions due to the deposition of particles of different sizes. There are in literature
some studies where two or more different deposition models are combined [13, 14], or two
different species of particles are deposited [15–17] in order to describe real systems. Here,
we choose our particles to be deposited from a modified Poisson distribution. This type of
distribution appears to be relevant in some ash particles deposition on the heat exchange
surfaces [18, 19].
Recently, we have investigated the surface growth generated by the random deposition of
particles of different sizes in one and two dimensions [19, 20]. The results of our simulations
have shown that in both dimensions, the roughness evolves in time following three different
behaviors. The roughness at the initial times behaves as in the random deposition model,
where correlations are absent. At intermediate times, the surface roughness depends on
the dimensionality of the system, and finally, at long times, it enters into the saturation
regime. However, there is a remarkable difference in the results we find in one and two
dimensions, regarding the behavior of the interface width at the intermediate times. While
in one dimension, the growth exponent is independent of the particle size, in two dimensions
it increases with the size of the particle. This happens because when we try to deposit a
new particle in one dimension, it can be accomodated in one of the two ends of an already
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deposited particle, independently of its size. However, in two dimensions, the new deposition
can be done in the 2(1 + N) positions around a deposited particle, where N is the linear
size of the particle. This dependence on N makes the growth in two dimensions to be
non-universal.
II. MODEL DESCRIPTION
In the present study particles of linear size N are dropped randomly over a finite one- or
two-dimensional substrate. All the particles considered in the deposition process are one unit
height and length sizes in the range 1 ≤ N ≤ 15. The most important difference between
this model and the simple random deposition model, is that our model naturally allows for
correlations among the columns, that is, it leads to a lateral growth of the interface. Figure 1
is a graphic representation of the one-dimensional deposition of a mixture of particles, which
are selected from a modified Poisson distribution, where the maximum particle size is N =
15.
In two dimensions, a particle is aggregated only if the chosen site for deposition coincides
with the midpoint of the particle, and there is enough space to accomodate it in the x or
y directions. Otherwise, if the cell is already occupied or there is no enough space for the
deposition, the particle is reflected away due to these geometric constraints. Particles are
not allowed to diffuse or share the same cell in any deposition plane. When we are depositing
identical particles, during a unit of time, we try to deposit L2/N particles, which roughly
means the deposition of one layer. For the deposition of particles of same size N in a one-
dimensional substrate, during a unit of time we try to deposit L/N particles. Therefore,
depending on the size of the particle, many trials of deposition are not successful in the unit
of time.
III. RESULTS
In this section we only show some plots for the deposition in two dimensions. Our Monte
Carlo simulations were performed on square lattices with linear size ranging from L = 32 to
512. We exhibit in Figure 2 the log-log plot of the interface width as a function of time for
particles of size N = 8. At the initial times of deposition, the growth exponent β1 is close
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FIG. 1: Graphic representation of the deposition in a one-dimensional lattice of linear size L = 256.
In this figure particles are selected from a modified Poisson distribution of mean value N = 5. Time
grows from bottom to top, where the interface width reached the stationary state.
to that of the random deposition. At intermediate times, the growth exponent exhibits a
completely different behavior from the one observed in one dimension [19, 21, 22]. In one
dimension, the growth exponent β2 at intermediate times, does not depend on the size of
particle and its value is β2 = 0.31. In two dimensions, this exponent exhibits a very peculiar
behavior. While for N = 2 its value is around 0.20, which is smaller than β1, it jumps, for
N = 3, to the value 0.63. For N > 3 it increases, but the rate of increasing is lower for
higher values of N .
We show in Figure 3 the behavior of the interface width for the deposition on a square
substrate of linear size L = 128 for a mixture of particles with sizes in the range 1 ≤ N ≤ 15.
Every time we try to deposit a new particle, it is selected from a modified discrete Poisson
distribution whose maximum value is N = 15. As to be expected the figures we find for
the scaling exponents are intermediary between those calculated for the smallest and largest
particles.
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FIG. 2: (Color online) Log-log plot of the interface width versus time for a two-dimensional sub-
strate. Deposition of particles of size N = 8, and the linear size of the square lattice is L = 128.
In Figure 4 we display the values of the growth exponent β2 as a function of N for three
different lattice sizes. We see that it is almost independent of L, but the rate of increasing
is very small for higher values of N . Although not shown, we have also calculated the
roughness exponent α by extrapolating the saturation value of the interface width observed
at long times for large values of L and different particles sizes. We have found that α is
very close to 1/3. For the deposition on a linear substrate we have determined the value
α = 0.94, which is also independent of N . Therefore, in one dimension, using this value
of α, along with β2 = 0.31, the Family-Vicsek relation gives directly the value z = 3.0,
for any value of particle length N . These figures put the one-dimensional version of this
model in the same universality class of the Villain-Lai-Das Sarma equation [23]. Despite α
is close to 1/3 in two dimensions, the Family-Vicsek relation predicts values for the dynamic
exponent z decreasing with the size N of the particles. Then, the behavior of the model in
two dimensions is nonuniversal.
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FIG. 3: (Color online) Log-log plot of the interface width for the deposition of particles with sizes
1 ≤ N ≤ 15 on a square lattice of side L = 128. The values of the growth exponents β1 and β2 are
indicated in the plots.
IV. CONCLUSIONS
We employed Monte Carlo simulations to study the surface growth due to the deposition
of rod-like particles of different sizes over linear and square lattices.We have shown that
the interface width as a function of time exhibits three different behaviors. At the initial
times its behavior is similar to the usual random deposition model. At intermediate times,
the surface roughness depends on the system dimensionality and finally, at long times, it
saturates. We have seen that in one dimension the dynamics of the model can be mimicked
by the Villain-Lai-Das Sarma equation for whatever particle size. On the other hand, for
the deposition in two dimensions, the growth exponent at intermediary times changes with
the particle size and the deposition model behaves differently from one dimension. For
the deposition in two dimensions, we show that the interface width in the second regime
presents an unusual behavior, described by a growth exponent β2, which depends on the
size of the particles added to the substrate. If the linear size of the particle is two, we found
that β2 < β1, otherwise it is β2 > β1, for all particles sizes larger than three. While in
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FIG. 4: (Color online) Plot of the growth exponent β2 as a function of the particle length N for
three different linear sizes L of the square lattice as indicated in the figure.
one dimension the scaling exponents are the same as those predicted by the Villain-Lai-Das
Sarma equation, in two dimensions, the growth exponents are nonuniversal.
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